Identifying focusing patterns in arbitrarily cross-sectioned channels is an interesting, significant, and, complex problem in applications involving microfluidic sorting, separation, and ordering. Current computational approaches involve construction of cross-sectional "force-maps" followed by a visual identification to confirm the presence of experimentally-observed stable points [D. Di Carlo et. al., Physical review letters, 102, 094503 (2009)]. Such visual inspections are naturally prone to misinterpreting stable locations and focusing shifts in the case of non-trivial focusing patterns. We develop and deploy an approach for automating the calculation of focusing patterns for a general channel geometry, and thereby reduce the dependence on empirical/visual procedures to confirm the presence of stable locations. We utilize concepts from interpolation theory (to represent continuous force-fields using discrete points), and stability theory to identify "basins of attraction" and quantitatively identify stable equilibrium points. Our computational experiments reveal that predicting equilibrium points accurately requires upto ×10-20 times more refined force-maps that conventionally used, which highlights the spatial resolution required for an accurate representation of cross-sectional forces. These focusing patterns are validated using experimental results for a rectangular channel, and triangular channel with an apex angle of 90 • . We then apply the approach to predict and explain focusing patterns and shifts for a 90 • -isosceles triangular channel across a range of Reynolds numbers for a H = 0.4 (particle-to-channel size ratio). We observe that the predicted focusing patterns match experiments well. The force-maps also rearXiv:1901.05561v1 [physics.flu-dyn] 16 Jan 2019 2 veal certain "clouds" of localized stable points, which aid in explaining the onset of bifurcation observed in experiments. The current algorithm is agnostic to channel cross-sections and straight/curved channels, which could pave way to generating a library of focusing patterns as a function of channel geometry, and Re, to assist in design of novel devices for tailored particle-streams.
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I. INTRODUCTION
Lateral focusing of spherical particles to off-centre locations in inertial flow is known as the tubular pinch effect. The experimental discovery of this phenomenon [1] has motivated rigorous study into understanding the dynamics of dilute suspensions in flow. This behavior is particularly attractive in the field of inertial microfluidics [2] for manipulation of finitesized particles. Inertial microfluidics is a laminar regime of microfluidic-physics characterized by finite Re, and hence, non-zero fluid inertia. The finite Re brings about an interesting interplay between competing fluid forces on a free particle, and depending on particlesize (or alternatively, a H for a fixed particle-size), Re [3] and release-location, the particle reaches a steady lateral location. Dominant inertial forces at play are the, shear-gradient lift: this is attributed to the curvature of the velocity profile in the channel, which directs particles away from the channel centre, and, wall-induced lift: this force arises due to the interaction between the particle and the adjacent wall and acts to drive particles away from the wall. This inertial migration is unique for a given channel geometry, flow speed, and a H , and has been widely employed for passive particle-manipulation in cell-focusing, sorting, and ordering applications [4] , [5] , [6] . Passive manipulation is a simple, robust, and relatively high-throughput (compared to active manipulation) class of techniques which depends solely on the hydrodynamic forces of interaction inherent to a given configuration or channel geometry.
1 A subset of passive techniques involves the use of boundary-induced secondary flows in addition to flow in a primary direction. The net effect of this secondary flow or vorticity serves to alter final focusing locations. Novel developments in this regard include the use of channels with a series of constrictions [17] , grooves or herringbones [18] , micro-structures [19] , [20] , [21] , [22] , and channel curvatures [23] , [24] , [25] .
Another subset of sheathless manipulation techniques relies on the channel geometry itself as a controlling-parameter, and this forms the motivation for the current study. Current experimental studies on particle-focusing so far have successfully reported the competing flow-physics pertaining to observed trends and supplemented them with numerical simulations. The approach in these studies [5] , [26] , [27] , [2] has been to validate experimentallyobserved stable equilibrium points by a mere "look-up" for their presence in corresponding numerical force-maps. This approach lacks formalism in that it does not provide sufficient information about presence of other equilibrium points, or lack thereof. This satisfies a necessary condition but is not sufficient to describe the system in its entirety. Furthermore, the ability to quantify the stability-attributes of an equilibrium point for an arbitrary geometry and Re is valuable and lends insight into preference of particular focusing positions. The current work thus aims to address some of the following questions:
• establish a mathematical formulation for automated identification of equilibrium points and focusing locations for a general scenario
• define quantitative measures that characterize individual equilibrium points
• exhaustively predict the set of stable locations for a given configuration
• rank order stable points in terms of their stability
Over the past decade, there has been a fairly exhaustive study into circular, square, and rectangular channels [5] , [2] , [9] . Interestingly, recent results have also demonstrated the capability to fabricate unconventional channel cross-sections to control the number and locations of focusing points [27] . Additionally, it has also been shown that channels of varying geometries can be attached end-to-end to produce a stage-wise effect for focusing particles [28] , [27] . In light of the state-of-art for fabricating such geometries, we are faced with the possibility of enhancing this existing design-space of particle-focusing trends known to the community and enabling exploration of newer geometries, hitherto uncharted, using automated computing-tools. This motivates need for a high-throughput computational study across varied geometries, Re's, and a H 's, in order to generate a library of focusing locations/patterns that delineate trends, and scaling principles involved for an arbitrarily chosen geometry and flow conditions. Moreover, this library would be directly utilizable to create so-called transition-maps which connect particle release-locations to their final stable locations or basins of attraction. This can be subsequently utilized to design an array of channels of varying geometries based on individual transition-maps to create novel channelprograms. A similar idea was reported by previous researchers in the context of deforming fluid streams in the presence of obstacles [29] , [30] , [31] , [32] , [33] . We lay the ground for such work by detailing a strategy for exhaustively identifying and quantifying the stability of equilibrium points in channels with arbitrary cross-sections.
II. EQUILIBRIUM LOCATIONS AND STABILITY ESTIMATES
We briefly outline the strategy for identifying all equilibrium points and the associated stability assessment below. Each step below is further detailed in subsequent sections.
•
Step 1 -Generate cross-sectional force-maps: this step consists of calculating the lateral forces acting on a particle at different locations within the channel cross-section. This is the standard step used in evaluating force-maps [5] , [27] , [9] , [26] . This results in a discrete force-map.
• Step 2 -Stability calculations which is further divided into the following steps,
•
Step 2a -Find all equilibrium locations: We use the discrete force-map and utilize interpolation theory to construct a continuous interpolated force-map. We then find locations where this continuous vector field goes to zero (i.e., find the zeros of the vector field). This identifies the set of all equilibrium points.
Step 2b -Evaluate stability of each equilibrium locations: we utilize the continuous force-map to write the lateral motion of the particle as a first-order system.
We then invoke stability theory of first-order systems to quantitatively determine (in)stability of each of the equilibrium points.
II.1. Generating force-maps
We consider a single particle in an arbitrary cross-section channel with particle-diameter (a), channel hydraulic-diameter (H), and average fluid velocity, U , as defined in FIG. 1.
We define a confinement ratio parameter as the ratio of the particle diameter-to-channel hy-
). The Reynolds number, Re, is based on the average fluid velocity and the channel hydraulic diameter (Re =
ρU H µ
). The governing equations (non-dimensionalized) are given as:
where, u = [u, v, w] T is the fluid velocity, p is the fluid pressure, and m is the mass (inertial tensor). The fluid affects the particle by imposing forces and torques on the particle. We denote the net forces and torque vectors as
The particle position and velocity is affected by F . We denote the linear and angular velocity of the particles as
The particle in turn affects the fluid via the imposition of no-slip conditions at the particle surface.
The Navier-Stokes equations (1) are solved using a finite element based in-house framework in a translating frame of reference attached to the particle such that the channel walls move at a velocity, −u pt . No-slip conditions (accounting for particle angular velocity) are imposed on the particle surface. The inlet and outlet boundary conditions are chosen to have fully-developed velocity-profiles where the particle is placed sufficiently far off from the inlet and outlet. The fully-developed velocity-profiles are obtained by solving for flow in a channel without the particle, and interpolated onto the mesh containing the particle.
To calculate the lift-forces on the particle at any location (ỹ,z) in the cross-sectional plane, we use the formalized approach of constrained simulation, also called the quasi-steady (Q-S) method [5] . In this procedure, the lateral velocities (v pt , w pt ) are set to zero. Then, the variables (u pt , ω pxt , ω pyt , ω pzt ) are solved iteratively to ensure that the streamwise drag, F x , and 3 components of torque, τ x , τ y , τ z , all go to zero (i.e., quasi-equilibrium conditions).
Once these equations are self-consistently solved, the lateral drag forces at that location are computed as (F z,i , F y,i We consider a tessellation of the sampled cross-sectional particle-location (FIG. 3) . At each of the locations, (y j , z j ) of the tessellation, we have available the net-forces, (F y j , F z j ), from the previous step. We then use interpolation theory to represent the force-map (within each element of the tessellation):
where N i are the basis functions localized at (y i , z i ), and, (ξ, η) represent isoparametric coordinates. In this work, we use a tessellation consisting of triangles (FIG. 3) and use linear basis functions that are analytically defined within each triangle to produce a continuous interpolant across the domain. This representation is searched to identify points, (y * i , z * i ), 2 The force-maps were generated on our campus High-Performance Computing (HPC) facility, Condo, which contains two 2.6 GHz 8-Core Intel E5-2640 processors per compute-node, with 8 CPU cores per processor. 
where (ξ * , η * ) are required to satisfy, ξ * ≥ 0, η * ≥ 0, and ξ * + η * ≤ 1, and transformed back into global coordinates using the equations detailed in appendix A.
II.2.2. Linearization and stability
The force-maps, (F y , F z ), represent a dynamical system and the set of zeros, (y * , z * ), represent the equilibrium points. Viewed from this context, we can invoke formal and rigorous notions of stability from dynamical systems theory. The Hartman-Grobmann theorem [34] , [35] , [36] states that a non-linear dynamical system, given by
is linearizable around an equilibrium point for deriving qualitative stability inferences around that point. This linearization (also called the state-space form) has the general form
where,
here A is the Jacobian of the linearized system (refer appendix B for details). Stability is quantified in terms of the (real parts of) eigenvalues, λ i , of A. The equilibrium location is stable if all real-parts are negative. For our fluid-particle system, the equations of motion for the particle in the lateral direction can be approximated as,
where m is the mass of the particle. We include the Stokes' drag terms for the following reasons:
• the resistive drag serves to eliminate unrealistic numerical oscillations (solution to
equations (8) without the drag terms); use of these drag forces has been done previously in the context of calculating channel lengths for achieving migration [37] owing to slow migration in lateral directions
• the dynamical system -now in a decoupled form -includes all velocity-components of the particle as in an actual scenario, i.e., streamwise-translation (from the Q-S model),
spin-velocities (from the Q-S model), and lateral translation (Stokes' drag)
The above coupled system of two second-order equations is converted to four first-order equations with the following variables, z,
, and the Jacobian, A, is evaluated from equations (7) and (8) 
This representation (equations (6) and (9)) is a generalization to higher dimensions of the 1D-case of circular particle focusing in a straight 2D channel [3] , where stability is interpreted in terms of the slope of the lift-versus-transverse coordinate curve at equilibrium locations.
The
terms are represented by 4 th -order centred finite-differences as,
where, F i,1 denotes force in the i th direction for a perturbation of ∆x j in the j th direction, F i,2 denotes force in the i th direction for a perturbation of 2∆x j in the j th direction, and so on. Once the Jacobian is constructed for an equilibrium point, the stability is calculated using the real-parts of its eigenvalues, λ i (1 ≤ i ≤ 4):
-the given equilibrium point is stable, otherwise
• the given equilibrium point is unstable
Along with the focusing patterns, we also compute basins of attraction (ω−limit sets) [38] for each stable point. Basins of attraction are characteristic of each stable point and denote the state of a system of particles after a sufficiently long time from release. They are essentially "guiding zones" in that particles focus to that stable point whose basin contains their release-location. This feature has been exploited previously to great effect in order to create unique, ordered streams of particles [27] . The overall algorithm can be briefly summarized as follows:
input: force-maps, tessellation output: stable locations initialize: e = 0 (no. of equilibrium points), s = 0 (no. of stable points) 
III. VALIDATION
The approach is validated using cases of inertial focusing that have been extensively studied in literature. The first case deals with a rectangular-channel (aspect-ratio 1:4) for k = 0.2, and Re = 10 [39] , and the second case deals with focusing in an isosceles righttriangular channel reported in a recent study [40] for k = 0.2, and Re = 100. We examine It is seen that the predicted focusing patterns (FIGS. (4a), (5a)) match well with those reported in literature [39] , [40] . For the rectangular-channel, two face-centred stable positions are seen along the longer faces which is in accordance with previous experimental reports, in addition to numerous unstable points. In addition, for the triangular channel we see that our prediction of an inverted triangular pattern matches qualitatively the observed patterns in experiments for low-k (= 0.25), and, high-Re (= 60) [40] . The effect of refining the No. force-map-sampling gives rise to crucial observations and is deferred until §IV.1.3. While considering the individual stabilities of various focusing locations in terms of eigenvalues, we note that the maximum of the real parts of eigenvalues needs to be taken into account. This is due to the fact that the more-negative components correspond to perturbations which decay more rapidly, and hence, the long-term behavior of the perturbations is governed by the slower decay components. In this context, we see that for the rectangular-channel stablelocations (TAB. I), the maximum absolute real-parts are all similar in value, whereas for the minimum components, eigenvalues for stable points 2 and 7, are the highest. Additionally, the basins of attraction (FIG. 4c) indicate that all particles released at the inlet should focus to the face-centred locations in the dilute-limit (barring particle-particle interactions). For the triangular channel (FIG. 5b) , we see that the basins are about the same size, which gives rise to an overall inverted-triangular focusing pattern. The eigenvalues (TAB. II) indicate that the centre bottom-focusing position, 2, should be more stable to perturbations in contrast to the top off-centre focusing position. The previous section demonstrated that the approach is able to satisfactorily predict the focusing pattern for a channel-configuration at a certain Re. We now test predictions over an entire range of Re as such trends are often of practical interest in identifying critical values where there is a marked-difference in observable quantities, e.g., alteration of a four-centred focusing pattern to a two-centred pattern in rectangular micro-channels with increase in channel aspect-ratio [39] . In this context, it was recently reported [40] that larger particles with size-ratios, We start with an initial tessellation (i.e., mesh-density) consisting of 210 points. It is customary to check spatial convergence in numerical studies, but we will specifically address this aspect later to highlight its importance in the present context. From FIG. 6 , it is seen that stable points are observed at the top-centre, bottom-centre, and right-corner with Re < 120 (except 60) (FIG. 6a-6f) . Furthermore, the stable focusing location at the right-corner is newly revealed by the algorithm, which has not been observed in experiments. For Re = 60, the focusing pattern comprises the top and bottom midplane focusing positions, which is an exact match with experiments. For Re ≥ 120, in addition to all of the above stable points, we see that there is an off-centre stable location at the top. Thus, Re = 120 is inferred to be the bifurcation-Re for the present case.
Additionally, the right-corner focusing location at lower Re completely vanishes at higher flow-speeds (FIG. 6i-6j) , and the bifurcated focusing pattern agrees with experiments for
Re ≥ 150 (FIG. 6k-6l ). Hence it is confirmed that the predictions follow the general trend of focusing patterns, i.e., 2-point centreline focusing (top, bottom) for lower Re, while higher We next address the following issues:
• A: Re-matching for onset of bifurcation with experiments (at Re = 80) and, For low-to moderate-Re (< 120), the focusing pattern comprises mainly of the top-centre and bottom-centre positions. By applying a similar argument to the higher Re (≥ 120), we eliminate the contribution of the corner location to the focusing patterns. Additionally, we are also able to eliminate the presence of the top-centre focusing location due to a negligible basin of attraction, and thus, the final focusing pattern is a 3-centred pattern with 1 location at the bottom-centre, and the other 2 being the off-centre top locations. Thus, the final focusing patterns are seen to be a 2-centred pattern for moderate Re (< 120), or a 3-centred pattern for higher Re (≥ 120). Even though one stable point might have a faster decay-rate and more stable than another location, the basins of attraction are the primary "guiding" factors in governing the focusing pattern before focusing has been achieved as these are global measures of the force-field whereas the eigenvalues of each stable point are pertinent only up to a neighborhood around the particle, and are useful measures that govern stability to perturbation after particles are focused. This transition agrees with experiments on a broad level, although the precise Re for matching bifurcation in simulations (Re = 120) needs further investigation, which is deferred until §IV.1.3.
Explaining the bifurcation
Force-maps for the particle at various Re's are shown in FIG. 8a. While the trends remain similar in the bulk of the channel, it is interesting to note the change in forces around the top and side corners. Firstly, the bottom-centre focusing position appears to be unconditionally stable owing to the forces creating a "sink" for solution trajectories at that location. Secondly, we see that at the top focusing position, at low-Re, the forces similarly create a stable node. At high-Re, however, the forces along the z-axis tend to introduce a saddle-point. This destabilizing-effect is thought to be the primary cause of the bifurcation, akin to the that seen in high aspect-ratio rectangular channels, where a decrease in
Re destabilizes the focusing locations along the short-faces. Lastly, the reversal of forces at the right-corner point can be seen at high-Re, which is again testament to the increased inertial lifts. However, the destabilizing-forces at the top focusing location are counter-acted by a corresponding net-force along the side-walls at the off-centre locations, and this leads to stabilization of the off-centre locations (FIG. 8c) , which is not seen for low-Re.
IV.1.2. Shifting of focusing position after bifurcation
Upon bifurcation into a 3-centred focusing pattern, particles have been experimentally observed to move downwards and away from the symmetry-plane with an increase in Re, and was counter-intuitive to standard results from rectangular/circular channels [2] , where an increase in Re shifted particles closer to top-walls. Firstly, we validate this observation (FIG. 9a) by noting that the stable off-centre location moves downward along the side-wall of the channel. As seen in the previous section, an increase in Re destabilizes the top-centre focusing position due to the combined effect of shear-gradient and wall-lift forces. As seen in   FIG. 8c and 9b , the lift-magnitude is prominent in regions where the particles actually focus, and this implies a balance between the competing forces. Shifting of particles towards topwalls was primarily due to increase in shear-gradient force being larger than wall-lift forces in rectangular channels. Applying the same argument, wall-lift force increases more than the shear-gradient lift as Re increased in the current case. With increase in Re, stronger walllifts are achieved further down the side-walls, while the shear-gradient lift does not change significantly along the side wall, which results in the downward shifting of the off-centre focusing location. However, thus far we have only qualitatively dealt with the bifurcation trends in the focusing pattern, and focusing shifts thereafter. We now discuss our approach to identify the exact bifurcation point in our simulations. We revisit issue A from §IV.1.1 to confirm the onset of bifurcation around Re = 80. The prediction of the algorithm directly depends on the input force-maps, and for this reason, we explore convergence in the force-map refinement by monitoring the convergence in the focusing pattern predicted. To do so, we choose an over-sampled region for a 60
• -triangular channel, for a particle-channel size-ratio of, a H = 0.4, and Re = 20. We refer to the sampling as over-sampled because for an equilateral triangular-configuration, a unique sampling would entail only 1 3 rd (both mirror and rotational) of the domain whereas we choose a -domain here (mirror only). The motivation to do so lies in the fact that the algorithm should ideally produce a focusing pattern which obeys the symmetry in the underlying geometry. Thus by oversampling, we are able to identify that refinement which gives a focusing pattern that satisfies the symmetry of the system. We pick force-map refinements of 200 (coarse), 500 (medium), 1000 (fine), and 1700 (finest) particle-locations, the corresponding focusing patterns for which are shown in FIG. 10 .
For the coarse-refinement (FIG. 10a) , we find that the top and the right-corner position have symmetric consistency, whereas the bottom and the off-centre side focusing position do not respect symmetry with reference to each other since to respect symmetry, either the bottom focusing position would have to lie off-centre, or the off-centre side position should lie on the symmetry-plane (solid red line). For the medium-refinement (FIG. 10b) , the top and rightcorner positions satisfy symmetry-requirements, whereas the bottom focusing position has shifted off-centre. However, the off-centre side position previously present has completely vanished, and this instantly violates the underlying symmetry. This also suggests the need for additional refinement to arrive at a converged focusing pattern. With further refinement (FIG. 10c) the off-centre side focusing position now re-appears in the pattern along with the bottom off-centre position, the top-centre position, and the right-corner position, the latter two of which maintain symmetry. However, one peculiar feature with the fine-map is that the off-centre side focusing position has split into two closely-spaced stable points, instead of being present as just one point. While this point-pair is present on the same side of the symmetry-plane (marked in red) as the bottom off-centre point, there is rotational symmetry among these points. However, the presence of the side focusing locations on one side of the symmetry-plane requires that they also on the other side of the symmetry-plane (marked in red), and since that is not observed here, we discard this refinement as well. This example serves to demonstrate that although mirror and rotational-symmetry may not be present in every configuration, we still need to maintain a certain level of refinement in order to resolve for all stable-points/point-clouds. We obtain a reliable prediction for this example using 1700 particle-locations, which is easily 10-20 times that used in previous studies [5] , [26] , [27] , [2] . This implies the possibility that the force-maps used thus far in literature may not have been entirely accurate except for use in visual interpretation. It is also worth pointing out that particle-scatter plots from conventional confocal microscopy techniques [27] for experiments usually produces clusters of particles. It is often thought that the broadening of the focusing position is due to the limitations by non-ideal experi- (FIG. 12c) , it can be seen for Re = 100 that the off-centre top focusing location has the largest basin (FIG. 12e) . Our hypothesis that the early bifurcation could be explained by a "cloud" of stable points thus stands confirmed, and further refinement might reveal bifurcation at a much lower Re and/or a wider spread within the "cloud", but the idea was to establish the need for a certain level of refinement to observe and explain crucial and intricate effects such as bifurcation with reasonable accuracy. This novel feature of "clouds"
of stable points in conjunction with basins of attraction serves to tune numerical predictions with a higher degree of confidence for real-world experiments. For Re = 20 (FIG. 12a) , however, we see that the focusing pattern is similar to that obtained with a coarse-sampling (FIG. 6a) . This also suggests that the off-centre focusing position so obtained is not a Re ≥ 120, the focusing pattern is well-converged using coarse refinements. But for Re close to bifurcation (= 90, 100), higher refinements are necessary to capture the focusing trends well, so, for any general case, a convergence analysis is recommended.
In this regard, the proposed stability algorithm for generating focusing patterns provides a valuable measure of convergence for the force-map sampling as there are no such metrics available till date. On another note, we hypothesize that bifurcation does not occur abruptly at a Re but that it takes place gradually in two stages: the first stage (90 ≤ Re < 120),
where the top focusing-point splits up into a localized "cloud" of stable locations, and the second stage (Re ≥ 120), where the off-centre focusing location has a well-bifurcated, distinct identity on the coarse-level (which may further have a "stable" cloud of its own). Finally, (focusing pattern) | (e) 100 (basins of attraction) (green arrows represent force-maps, the blue region represents the sampled half-channel particle-locations/triangulation, magenta-asterisks represent all equilibrium locations, green-triangles represent elements containing stable points, red circles represent the particle, and black lines represent the half-channel boundary (sliced top-down, to scale); basins demarcated by color -the black dots represent stable locations; note that the basins shown here span ONLY the sampled region, which is smaller than the half-channel cross-sectional area)
we note that the suggested algorithm is capable of comprehensively finding all possible equilibrium points which gives us possibility of manipulating flow parameters to stabilize unstable points as in a high-aspect rectangular channel, where increasing Re stabilizes the equilibrium points towards the short-faces.
V. CONCLUSIONS
We have formulated an automated, geometry-and-Re-agnostic computational framework based on linear-stability analysis for predictions of hydrodynamic particle-focusing patterns.
We validate our code against known experimental results of focusing in rectangular channels, and relatively recent findings on 90
• -triangular channels, and later apply it to validate/explain focusing patterns observed in 90
• -triangular channels for a range of Re. The two main features of the focusing mainly dealt with in this regard are: the stable-point bifurcation for the top focusing position, as well as the downward shift of particles after bifurcation. From a numerical standpoint, we find that eigenvalues give us a local measure of the stability of a particular stable point, but the final pattern is governed by the basins of attraction, which is a global measure. The general trends of the bifurcation are well-matched with experiments upon including basins of attraction into our analysis, using standard forcemap refinements. However, for a higher refinement, "clouds" of stable points are detected, which could indicate a local spread in the focusing locations, and this argument figures well into explaining the bifurcation in addition to the underlying physics. The "clouds" of stable points also serve to illustrate the idea that the bifurcation seen in the test-cases for the 90 • -channel (particle-channel size-ratio of 0.4) happens gradually in two stages: for initial
Re : 90 − 120 the bifurcation appears as a "cloud" of stable locations around the top-centre focusing location, whereas for Re ≥ 120, the bifurcated off-centre top position is distinct (which may have a local cloud of its own). We also think that a field-based approach for the lift-forces enables us to analyze the migration-effect better, since we can better quantify the directionality of forces, basins of attraction, which might be non-trivial for an intuitive analysis of non-rectangular geometries, where the channel walls are non-orthogonal. From a computational standpoint, the proposed algorithm utilizes fairly popular subroutines, and the work-flow discussed in this paper should be straightforward for implementation by the interested researcher for additional study. Additionally, we hope that our current attempt at a stand-alone tool is a first-step for calculation of focusing patterns in a large phase-space of cross-sectional geometries, particle-channel size-ratios, Re's, and so on, to create a library of focusing patterns. These should pave way for creating so-called transition-maps (governed by the basins of attraction for corresponding configurations), ultimately serving to design novel devices for generating tailored particle-streams. Lastly, we see the possibility of adopting global exploration-based metamodelling strategies, to reduce computational effort in case of high-refinements. 
where, the independent variables are represented in the isoparametric space rather than in the global space (FIG. A.1 ).
Appendix B: Linearization around an equilibrium point
The linearization for perturbation, ∆X, about an equilibrium point, X 0 , can be arrived at by expanding Taylor series to first order as follows:
higher-order terms
We can always centre the origin at the equilibrium point without altering its stability, in which case the above system assumes the following form,
Comparing equations (6) and (B1), we see that the Jacobian matrix, A, around any equilibrium point, X 0 , is given by:
